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WAVE PROPAGATION OF SINGLE LAYER LATTICE DOMES

by
Akemi NISHIDA' and Yasuhiko HANGAI®

1. INTRODUCTION

Spatial structure can be classified into continuum system and
discrete system(Fig.1l.1). With regards to continuum spatial struc-
tures such as plate, cylindrical shell, etc., many research works
have been presented about their wave propagation behaviours. On the
other hand, very few research works have been presented for discrete
spatial structures such as lattice dome because of the analytical
difficulties due to the existence of many discontinuities. In the
stress and the vibration analysis for discrete spatial structures
with a lot of members and joints, the continuum analogy method based
on the effective stiffness and the effective damping[l] has been
developed and widely used in the design process.

Our research objectives are (a) to develop an effective ana-
lytical method for the wave propagation of discrete spatial struc-
tures, (b) to examine the differences of wave propagation property
between continuum and discrete systems and (¢) to estimate the
effective stiffness and damping which are used in the continuum
analogy method from the view point of wave propagation. In this
paper, the wave propagation behaviours in single layer lattice domes
are analyzed as a first step towards the above research objectives.

Elastic wave theory has been mainly used to investigate the
response of structure subjected to impact load or the propagation of
earthquake wave. Laplace transform is generally used to analyze the
wave equation which is expressed by partial differential equation.
But it is not easy to carry out analytically the inverse transform
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for the solution in the image space except for some special cases.
Due to this difficulty, many approximate methods have been proposed
([2] for example). On the other hand, Krings and Waller changed the
equation of Laplace inverse transform in such a way that FFT (Fast
Fourier Transform) algorithm could be used[3]. Using this method,
Adachi et. al. analyzed the impulse response of a finite circular
cylindrical shell under the action of longitudinal waterhammer
waves[4] and of frame structures in combination with matrix
method[5]. Iwasaki, et. al. modified the method by Krings and Waller
and proposed a numerical method using both Laplace transform and the
finite element method [6]. Doyle has proposed a similar method using
Fourier transform instead of Laplace transform (Fig.l1.2), and shown
that this method is applicable to the analysis of structures with
multi degrees of freedom [7]. This analytical method is called the
dynamic stiffness method[8-10] and have been used for accurate vi-
bration analysis or non-linear eigenvalue problem. Fukuwa, et.al.
used the transfer matrix method to investigate the dynamic charac-
teristics of one dimensional periodic structures and the damping
effects due to the joints [11,12].

In the paper, the dynamic stiffness method is used as the
numerical method. In order to examine the accuracy of numerical
results, wave propagation behaviour of a two dimensional truss
structure subjected to impact load is analyzed and compared with
results obtained in reference[7]. Next, single layer lattice domes
subjected to impact load at the center node are analyzed in order to
examine the effect of members in the circumferential direction upon

the wave propagation behaviour.
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2. SPECTRAL ANALYSIS OF WAVE MOTION IN STRUCTURES
2.1 GOVERNING EQUATIONS FOR A SLENDER ROD

Let us consider a homogeneous, isotropic, linearly, elastic
slender rod as shown in Fig.2.l. X axis coincides with the neutral
axis of the rod that passes through the centroid of the cross-
section. While y and z axes lie on the plane of the neutral surface
of the rod, and coincide with the principal axes of the cross-
section respectively. Displacements, rotational angles, resultant

forces and moments in each direction are represented by u, 6, F, and
M,(=x,y,z), respectively. We invoke the basic hypothesis of one

dimensional wave theory for longitudinal and torsional motions, and
that of Bernoulli-Euler theory of beam for flexural motion. Though
Bernoulli-Euler theory is not enough to represent the wave propaga-
tion behaviour exactly, it is used here for simplifing the analyti-
cal procedure. As a result, the governing equations for the slender

rod take the following forms:

2, 2
du, 1 du, 0
longitudinal motion: :;3“2%57;? =Y (1-1)
) ) 6, 1 5°6,
torsional motion : Py —2;5;;7'= (1-2)
2
*u ’u 4 2
flexural motions : ~ —l; > = ,‘9? + 1zdl%==0 (1-3)
ox C,~ at ax C, . dt
where E G EI El
Coz = sz =" be2 =, Cb22 -—
1Y p pA oA

and E is Young's modulus, G is shear modulus, o is mass density, A
is cross-sectional area, E and [ are the moments of inertia with
respect to y and z axes respectively, and J is the polar moment of
inertia(=g+g). The resultant forces and moments in each direction

are given as follows, !

principal axes

of the cross-section “heutral axis

neutral surface

Fig.2.1 slender rod
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Applying the Fourier transform to egs.(1l-1)-(1-3), the following
ordinary differential equations can be obtained.

7'd, +w—2ﬁ =0

x? C2 (3-1)
70, w® 4

e +C_220x=0’ (3-2)
I, w* e o

5 8 ;o022 g0 3-
0")64 be?. y dx4 CbZZ z ( 3)

where i, i, 4, and éx are the spatially dependent Fourier coeffi-

cients. The general solutions of the above equations can be repre-

sented by
2 2
i (x,0) = EA]. exp[Ax], 0,(x,0)= EB,. exp[£ X]
j=1 =1
. & A da, (x,w) (4)
i, (x,0) = 2 C; exp[n, x], 6,(x,») =—107x—
j=1
. : - du,(x,w)
,w)= ) D. ex x], 6,(x,0)=—2—"—
1, (x, ) Z ) expln, %], 6,(x,0) = —=—
where

AP +k?2=0, k' =w/G
£ +k? =0, k' =w/C,
My —ky' =0, K, =\/Z’/Tby
77;':4 _kbz4 =0, k, =m

2.2 LOCAL STIFFNESS MATRIX OF ONE DIMENSIONAL FINITE ELEMENT
Consider a three dimensional frame element of length L as
shown in Fig.2.2. This element is identical to that generally used
in dynamic finite element analysis except that the mass is evenly
distributed along the member instead of concentrated at both ends.
Using the general solutions in eq.(4), the displacement shape func-

tions for the element can be represented by



N

4, (x, w) = A, exp[-ikyx] + A4, exp[ -k, (L - x)]
6.(x,w) = B, exp[-ik,x] + B, exp[-ik, (L —x)]
4, (x,w) = C exp[-ik, x]+ C, exp[—k;,x]
+Cyexp[-ik,, (L - x)]+ C, exp[—kby (L -x)]
i, (x, ) = D exp[-ik,x] + D, exp| ~k;,x]
+ Dy exp[~iky,(L —x)] + D, exp[~k,(L - x)]]

' (3)

Let us denote nodal displacements and forces at node 1(x=0) and node
2(x=L) in the image space by index subscripts 1 and 2 respectively.
Using the condition that the displacements and forces at x=0 and x=L
are equal to the nodal displacements and forces, the unknown coef-
ficients A, B, C and D can be evaluated. Then we can get the

stiffness equations related to longitudinal, torsional, and flex-
ural motions as follows.

{7} =xYa} (6)
where

A ~ A A ~ A A ~ ~ ~ T
{f} = {P Pyl’ 1::1’ Mxl’ Myl’ le’ Px?,’ P2’ EZ’ Mx?.’ MyZ’ Mz?,}

y

A

A A A A A A A ~ A A A T
{u} _{uxI! uyl’ uzl’ 0):13 eyl? Hzl’ ux?,! uyZ’ uzZ’ 0):2’ 0}/2’ 012}

s, 0 0 0 0 0 s O 0 0 0 0
s,a, 0 0 0 s7, 0 -sa, 0 0 0 sy,L

sa 0 -sy, 0 0 0 -soa, 0 -sy,L 0O

s\, 0 0 0 0 0 s@, 0 0

sBI2 0 0 0 syl 0 sBL* 0
sBI* 0 -sy L 0 0 0 sBL

K] = s 0 0 0 0 O
s, 0 0 0 -s7,L

s,a, 0 syL O

s,a, 0 0

sym. s,BL* 0
i s,BL* |

The detail expressions of each element Kij are given in Appendix.
After evaluating the element stiffness matrix for all elements by



eq.(6), the same procedure of conventional matrix method can be used
for obtaining the solution. The different point is that it is neces-
sary to compute the solution for all divided discrete frequencies.
Upon the application of the Fourier inverse transform to the com-

puted solution, we can then obtain the solution in the real space.
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2.3 LOCAL STIFFNESS MATRIX OF ONE DIMENSIONAL SEMI-INFINITE ELEMENT

As a semi-infinite element of frame, the "Throw-off Element"
which could be found in reference[7] is used (see Fig.2.3). The
displacements within this element are assumed to be consisted of
either only forward moving waves or backward moving waves. Under
such assumption, the shape functions of semi-infinite element, cor-

responding to eq.(5), take the form:

i, (x,0) = A exp [~ik,x]

0,(x, ) = B, exp [-ik.x] (7)
@(x¢u)=(%exp[~ﬂbx]+(§exp[—k@x]

1, (x, ) = Dy exp [~ik,x |+ D, exp [~k x]

In eq.(7), the displacements are assumed to be composed of only
forward moving waves. And the governing equations in the image space

corresponding to eq.(6) are obtained as follows.

[} = xa} )

where
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[ Edik, 0 0 0 0 0 }
0 ELG-Dk, O 0 0 ELik,*
0 0 EL(Gi-1k,’ 0  -ELik> 0
[K] = .
0 0 0 Glik, 0 0
0 0 ~ELik,> 0  EL(G+Dk, O
0  ELik,’ 0 0 0 EL (i + Dk,

By inserting some semi-infinite elements into the structure to be
analyzed, stabilization of numerical computation could be achieved
due to the damping effect of semi-infinite element. Also, by using
the same means, analysis needed to be carried out only on one part

of a large structure could be achieved.

3. NUMERICAl EXAMPLE
- IMPACT RESPONSE OF TWO DIMENSIONAL TRUSS STRUCTURE
In order to examine the accuracy of analysis for multi degrees
of freedom structure which contains semi-infinite elements, a two
dimensional truss structure which was analyzed in reference [7] was
computed using the same condition. The model is illustrated in
Fig.3.1. Its members are connected with rotation free joints and
torsional and flexural stiffness are not considerd. The material is
aluminum with Young's modulus E=10.6X10°1bf/si and mass density
p=0.0971 1b/ci, where gravity acceleration g is 386.0 in/sec’. The
length of a member L is 5.0 in, and the period of impact loading is
300us(Fig.3.2).
Time responses of axial force at point A, B, C, D for transform
parameters N=1024 and At=10us are shown in Fig.3.3(a) and (b). In
these figures, the good agreement between the two analytical results

can be seen.
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4. NUMERICAL ANALYSIS OF SINGLE LAYER LATTICE DOMES
4.1 ANALYTICAL MODELS

A vertical impact load was applied at the central point of a
single layer lattice dome with the rise-span ratio of 0.1, and the
impact responses were analyzed. As analytical models, two different
member arrangement patterns, i.e. pattern 1 and pattern 2, were
selected. Three types of models which are different in their member
distribution densities were selected for each pattern. And for the
purpose of comparing the differences due to the rigidity of joints,
the following two types were assumed for the member connections for
each of the three models with member arrangement pattern 1, i.e.
pinned and rigid joints. Torsional and flexural stiffnesses are not
considerd for models with pinned joints. These models are shown in
Table 4.1. The material properties and transform parameters used in
the computation are shown in Table 4.2 and 4.3 respectively. No
damping is considered for models with pinned joints because the
continuational time of the responses are short enough for the compu-
tational stabilization, while inner damping of 0.5% as in the fol-

—76—



lowing form;
ﬂ'kby = kby (1_ 0.005 l) ’ a'kbz =kbz(1 -0.005 l)

is considered for models with rigid joints for the purpose of sta-
bilizing the computation. The impact load is shown in Fig.4.l1.

A

peak =1N

1000 1300 ()
Fig.4.1 Impact load

Table 4.1 Single layer lattice domes

Type 1

Pin
< N
Pattern 1 L
C

d
N e
s A %b
o] % ¥

- \/
Pattern 2 | Rigid \VAVAVAVAVAV
NINNINN

L.=50.0cm, H=5.0cm, Cross-sectional shape (Width =0.6cm,Height=0.2¢cm)

*1 The dissipated energy to the base part is modeled using six semi-infinite
members arranged around each dome.

*2 A is the center point of the dome. The horizontal distance of point b from
peint A is 0.75L. And point d is a central point of the most external latitude

member, while ¢ and e are the two ends of the same member.



Table 4.2 Material properties

Young's Modulus

Poisson's Ratio

Shear Modulus

. Mass Density
Material
E N/cr) v G N/cm) p kg/cr)
Steel 2.06X107 0.29 7.98X10° 7.85X107°
Cross-sectional Moment of Phase Velocity of | Phase Velocity of |Phase Velocity of
Area Inertia Longitudinal Wave | Torsional Wave Flexural Wave
A (crd) I em) G, fn/sx) G /=9 f/se)
Iy=0.0004 0 G, =172.0dw
0.12  fp-====-=-==--—--= 5.12X10° 3.19X10°  p-ozo--=------
I2=0.0036 JoC,, =298.04J0
Table 4.3 Transform parameters
N At (us) T(us) Af (Hz) [Nygst freq.(KHz)
Type 1 10240 97.656
2'°(1024
Type 2 ( ) 10240 ”
Type 3 |2'%(4098) 40960 24.414
Pattern 1
Type 1
Rigid Type 2 10 50
Type 3
2'(16384) 163840 6.1035
Type 1
Pattern 2 Rigid Type 2
Type 3




4.2 NUMERICAL RESULTS

Firstly, the results obtained by the computation carried out
for the three pin-jointed models with arrangement pattern 1 are
shown. Fig.4.2 shows the time responses of the vertical velocity at
point A. Figs.4.3.1 and 4.3.2 denote the time histories of axial
forces and longitudinal velocities at point c,d,e respectively where
the symmetrical behaviour about the central point d could be seen.
Fig.4.4 shows the time responses of axial force at point b.

In Fig.4.2 , it can be understood that as member distribution
density is higher, the maximum values of time responses at point A
increase correspondingly. The main reasons are as follows.

1. As the number of joints increases, more reflections and trans-
missions and also more superpositions of waves occur.

2. As the length of radial member becomes shorter, the angle between
two radial members (see Fig.4.5) increases and the local stiffness
of the structure decreases.

On the contrary, the maximum time responses at points
c,d,e(Fig.4.3.1) and point b(Fig.4.4) decrease and become more com-
plicated with the increase of the density of member distribution.
The responses of longitudinal velocity at points ¢ and e in
Fig.4.3.2 are completely symmetrical about point d which shows that
numerical results are accurate. Furthermore, the longitudinal ve-
locity at point d dose not exist because of the cancellation of waves
from the right and the left. The ratios of accumulation of energy
flux at point b to external work at pont A are shown in Fig.4.6.

With regards to the continuational time of response after the
occurrence of maximum time responses, a longer time period is nec-
essary before a rest condition is achieved as the density of member
distribution gets higher as shown in Fig.4.2. This result shows that
the density of member distribution strongly influences the wave
propagation behaviour. And, as the intervals of member arrangement
are closer, higher frequency waves are included in the time re-
sponses as shown in Figs.4.2, 4.3 and 4.4.

Secondly, the results obtained by the computation carried out
for the three rigid-jointed models with arrangement pattern 1 are
shown. Fig.4.7 shows time responses of the vertical velocity at
point A. Fig.4.8 shows time responses of axial force at point b.



While it can be seen that the results obtained are similar to that
of the pin-jointed models, the differences among the three are not
so clear. This is probably due to the reason that wave with a
dispersive characteristic can propagate in the rigid-jointed models.

Thirdly, the results obtained by the computation carried out
for the three rigid-jointed models with arrangement pattern 2 are
shown. Fig.4.9 shows the time responses of the vertical velocity at
point A. Fig.4.10 shows the time responses of axial force at point
b. It is understood that the waves become smoother when compared
with that of the model with arrangement pattern 1 due to the use of
members whose length are all the same.

Next, in order to investigate the effect of joint rigidity on
wave propagation behaviour, time responses of the vertical velocity
at point A for the following models; '

(a) pattern 1, Type 1, with pinned joints
(b) pattern 1, Type 1, with fixed joints
have been computed. The results are as shown in Fig.4.11.

Also, in order to investigate the effect of member arrangement
pattern on wave propagation behaviour, time responses of the verti-
cal velocity at point A for the following models;

(a) pattern 1, Type 3, with fixed joints
(b) pattern 2, Type 2, with fixed joints
have been computed. The results are as shown in Fig.4.12. Total mass

of the above two models are equal.
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5.CONCLUSION

Wave propagation properties in single layer lattice domes
subjected to impact load were examined in the paper. Numerical
results show that the factors related to member arrangement such as
the density, arrangement pattern, rigidity of joints, etc., play an
important role upon the wave propagation behaviours. As mentioned in
INTRODUCTION, many research works will be required in order to
estimate the effective stiffness, the effective damping, and so on,
for the continuum analogy method.
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APPENDIX
The detail expressions of each element Kij (in eq.(6)) are given as
follow;
EA GJ El El
=2 ==L = 2z i3
SO_L’SZ_L’Sy~L3’SZ—L3

oy =ik L(1 + exp[-2ik,L])/A,, @,=—2ik,Lexp[~ik,L]/A,
o, =ik,L(1 + exp[2ik, L)/ A,, @, = —2ik,Lexp[-ik,L}/ A,

a, =i(1l+i)(21y, 22, +i2, 20 Yo LY 1 A, @y =L+ D) (203,20, + 1205205, Yk, LY /A,

B, = (L+i)(Zu, 2, — 22y Wy L) 1A, 5 B, = <1+ )20y 20, — 210,20, YKy L) /A,
y, =222, (kLY /A, 7, =i(zy,” = 2," Wk, LY / A,

o, = il + D)2y 2y, + 21200 Yk LY 1A, @, = L+ D)@ 2, + 20 W LY /A,
B, = (L+)Zuta = 22 Y L) 18, 5 B, = ~(U+ )220, ~ 21020 Y L) /A,
V. = 224,20,k LY 1B, 7, =i(2,° ~ 2, ), LY/ A,

where
Ay =1-exp[-2ik,L], A,=1-exp[-2ik,L], A, =zy,,° +2z,°A, =2,,> + 2,

Zy,=1- cxp[—ikbyL]exp[—kbyL], Zp, =1+ exp[—ikbyL]eXp[—k,,yL]
21, = expliky L] - expl~ky L], Zn, = cxp[-iky, L]+ cxp[;,L]
2, =1 - expl-iky, L1expl~kL ], Zp, = 1+ expl ik, L]oxpl~k;, L]
2y, = exp[-ik, L] - exp[-k,L], 2, =exp[-ik, L]+exp[-k, L]



	Wave Propagation of Single Layer Lattice Domes.

