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MATRIX CONDENSATION TECHNIQUE IN DISCRETE
LIMIT ANALYSIS OF FRAMED STRUCTURES

by

Yutaka TOI 1)

1 INTRODUCTION

The formulations of Rigid Bodies-Spring Models for the discrete limit

1)

analysis of framed structures were previously carried out by Kawai™’ and

2)

Toi”’, by assuming that each rigid element has 6 degrees of displacement
freedom independently in order to take into account the shearing deforma-
tions. 1In this note the matrix condensation technique in neglecting the
shearing deformations is briefly discussed, by using the in-plane deforma-

tion problem of framed structures as an illustrative example.

2 FORMULATION

Consider two adjacent rigid bars shown in Fig. 1, which are connected

by springs resisting the relative movement at the node 2.
2.1 Definition of Coordinate Systems

Some Cartesian coordinate systems used in the formulation are descri-
bed below in the form of (origin ; coordinate axis 1, coordinate axis 2).
(i) global coordinate system (0 ; x, 2)
(ii) element coordinate system (4 ; Xy zA), 5 Xps zB)
(iii) node coordinate system (1 ; xl), 2 ; xz), 3 ; x3)
(iv) joint coordinate system (2; x', z')
The node coordinate axis Xy is defined as the normal direction at the node

point i.
2.2 Stiffness Formulation

(i) Displacement Functions
The displacement field in the rigid element A can be expressed by the

following equations:
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(ii) Relative Displacements

The relative movements can be defined by the following two components:

_ B A
)
_ (4B B oA A
6z - {Zz (uB)Z + nz (WB)Z} {Zz (uA)Z + nz (WA)Z}
where (2)
A . A _ ,
Zz = cos (z', xA) n, cos (z', zA)
B= ¢ B= [}
Zz cos (z', xB) n cos (z', zB)
or in the matrix form
{d} = [B] {a}

where
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(a3t = 2t oA oA B B B
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ituting eq. (1) into eq. (2), the final form of the matrix [B] can be
ned, which is shown in Table 1.

(iii) Degrees of Displacement Freedom

When the shearing deformations are neglected, the degrees of displace-

freedom are set as follows:

1 1
up = by Cu)y T Gy
2 2
uy = Iy (ap)y +ng Gy
w, = aA
4 6
(4)
Zi = cos (xl, xA) ni = cos (xl, zA)
Zi = cos (XZ’ xA) ni = cos (XZ’ zA)

ituting eq. (1) into eq. (4) and solving with respect to a?, the

following relation can be obtained:

where

{a} = [A] {u}
(5)

{u}t =,u, U, U, W, W
L% T2 T3 Y4 Y54

The matrix [A] is shown in Table 2.



(iv) Resultant Forces

The resultant forces in the springs are calculated by the following

relationship:
{s} = [D] {d}
where (6)
t
{s} = FMy N, o
. F
(o] ="k ko

in which My and NZ are the bending moment and the axial force respectively.
In case of elastic deformation the spring constants can be determined by

the following formulas:

kry EI / (l(zA)zl + |(zB)2|)

k
Pz

while in case of plastic deformation the four components in the matrix [D]

o)

EA / (1(zp), | + 1(zp),D)

can be determined by the conventional flow theory.

(v) Stiffness Equation

Applying the Castigliano’s theorem to the strain energy stored in the
connection springs calculated with the aid of egs. (3), (5), and (6), the
following stiffness equation can be obtained:

[k] {u} = {f}
where v (8)
[k] = [a1° [B1" (D] [B) [A]

t_
U3 = f £ 50, s

3 CONCLUSION

The matrix condensation technique in the discrete limit analysis of
plane frames was briefly described in this note. The extension to the
general space frames is easy and now under way. The same procedure for
thin shell structures has already been established and was reported in

Ref. 3)
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Fig. 1 Two adjacent rigid bars
Table 1 Matrix [B] in eq. (3)
A A A B B B
a, a, ag a, a, ag
-1 0 0 1 0 0
¢Y
A A A B B B
SZ Zz (zA)2 Zz n ZZ (zB)2 Zz n,
Table 2 Matrix [A] in eq. (5)
uy u, u, LA g
- 12 Zl 12 nl -1 n2
A X _ X o x 'x " “x x .
] 1.2 1.2 1.2
Zx Zx LA Zx Zx LA Zx lx LA
2 1 12 2 1
N e (24)y Lelza)y Latx (g ~ 1 my (29,
G | 12 1,2 0 1.2 0
Zx Zx LA Zx Zx LA Zx Zx LA
a: 0 0 0 1 0
-3 12 323
B 0 X X 0 X X X
) 2 .3 2 2 .3
Zx Zx LB Zx z LB Zx Zx I"B
3 _2 3
B T (243 e (2a)y Lo g (g, = Ty (2,
3 0 2 .3 2 .3 0 2 3
Zx Zx LB lx Zx I"1?‘ Zx Lx LB
ag 0 0 0 0 1
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